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Our wavelet-based approach for rendering complex lumi-
naires [AK25] is self-contained and offers our best set of techniques
that work well together in practice. This document offers additional
details. Section 1 provides a brief introduction to wavelet compu-
tations and Section 2 explains how we store the sparse wavelet co-
efficients, both with a focus on fast per-sample reconstructions. In
Section 3, we show how our wavelet representation naturally ad-
mits levels of detail on rectangular domains, e.g., the six box sides
of a field represented on the bounding box of a luminaire. This sec-
tion is omitted from the paper because it does not work with our
convex hull fields. Nonetheless, it is interesting and might prove
useful in other situations, e.g., representing the exitant 4D radiance
of rectangular light sources.

1. Wavelets introduction

Wavelets are a common and well-understood tool for image com-
pression. Due to the development of orthogonal wavelets with com-
pact support known as Daubechies wavelets [Dau92], wavelet com-
pression is also highly efficient. Since we perform per-sample de-
compression at run-time, we pick the simplest and most compu-
tationally efficient wavelet from the Daubechies wavelet family
— the Haar wavelet. This also happens to be the first described
wavelet, in the early 20th century, long before the development
of the wavelet theory. Here we briefly introduce the Haar wavelet
transform from a computational perspective.

1.1. Haar transform in 1D

The Haar transform is an orthogonal linear transformation that acts
on a signal of a power-of-two length.

Its main building block is the Haar transform of size two:

H2 =
1√
2

[
1 1
1 −1

]
, (1)

which is not only orthogonal — it is its own inverse (H2
2 = I). It
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that separates the signal into a low-frequency component l (a
smooth representation of the signal), and a high-frequency com-
ponent h (|h| is high if there is a jump in the signal).

The general Haar transform is a discrete wavelet transform
(DWT) that applies H2 hierarchically:
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(3)
it applies H2 to all subsequent pairs of elements of the signal, then
pulls all low-frequency components at the beginning of the signal
and leaves all high frequencies in the end, and then repeats this pro-
cess by filtering the low frequencies in the first half of the signal.
This process continues until it distills all frequency bands B which
are contained in the signal: the lowest frequency B0 = {L}, fol-
lowed by a higher frequency B1 = {H}, then higher frequencies
B2 = {H0,H1}, and finally, in the second half of the array are the
highest frequencies B3 = {h0,h1,h2,h3}. A signal of size 2n is de-
composed into n+1 bands — the lowest frequency plus n bands of
higher frequencies of sizes |Bk|= 2k−1.

The process described in Equation (3) is a direct instruction on
how to efficiently compute the Haar transform. It was inspired by a
similar illustration from the book Numerical Recipes [PTVF07].

Note that the Haar transform can be represented by a single or-
thogonal matrix H (H−1 = HT ) since all operations between the
column vectors in Equation (3) can be represented by orthogonal
matrices: successive H2 filters can be represented by a band diag-
onal matrices with H2’s or ones in the appropriate places on the
diagonal and permutation matrices. Hence, the inverse Haar trans-
form is its transpose HT .

For our approach, we are interested in computing a single sample
from the original signal from its Haar transform and not computing
the full inverse transform. To reconstruct a single sample, only one
frequency from each band is needed. For example, in Equation (3)
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the sample s5 depends only on l2 and h2, l2 depends on L1 and H1,
and L1 depends on L and H. Therefore, s5 can be reconstructed
starting from the lowest frequency L and introducing higher fre-
quencies H, H1 and h2. For a signal of size 2n we can reconstruct
each sample using the formula

si =

(
1√
2

)n

L+
n

∑
k=1

(
1√
2

)n−k+1

(−1)inkBk
(
ink−1

)
, (4)

where the signs and indices of the band frequencies are computed
using

ink =
⌊

i
2n−k

⌋
. (5)

1.2. Haar transform in 2D

The two most common ways to generalize the 1D wavelet de-
composition to higher dimensions are the standard and the non-
standard wavelet decompositions [Dau92]. The standard decom-
position performs full 1D decompositions on the rows of the signal
followed by full 1D decompositions on the columns, similarly to
the 2D Fourier transform [PTVF07]. On the other hand, the non-
standard decomposition performs one level of the hierarchy (one
pairwise application of the H2 transforms followed by one permu-
tation) first on the rows and then on the columns, and then contin-
ues to decompose the low frequencies in the same manner until it
reaches the lowest frequency. The two decompositions have differ-
ent band structures. For a 2D signal of size 2n × 2n, the standard
decomposition has a total of (n + 1)2 partitions, while the non-
standard has 3n+1 partitions, see Figure 1.
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Figure 1: Band structures of the standard (left) and the non-
standard (right) 2D wavelet decomposition of a signal of size 8×8.
These decompositions result in different partitions of the wavelet
coefficients (drawn with dashed lines): the standard decomposition
has 16 partitions, while the non-standard has 10. Both have 4 fre-
quency bands (indicated in red).

To reconstruct a single sample from a 2D decomposition one
needs to account for one wavelet coefficient from each band parti-
tion. The standard decomposition yields more partitions which in-
crease with each subsequent band, thus potentially achieving higher
sparsity for anisotropic data. The non-standard decomposition has
a constant of three partitions per band, thus admitting faster and
simpler run-time reconstructions. Therefore, we opt for the simpler

non-standard decomposition, given that we achieve good compres-
sion rates without illumination artifacts.

In Figure 1, we see the band structure of the non-standard de-
composition. After the lowest frequency L, all bands are partitioned
into horizontal, vertical and diagonal higher frequencies:
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(6)

An analogous formula to Equation (4) for the decompression of
a single sample can be derived for the non-standard 2D decompo-
sition:
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2. Wavelet coefficients preparation

After the compression, only a small fraction of the wavelet coeffi-
cients is kept. In this section, we explain how to organize the sparse
wavelet coefficients to facilitate fast run-time reconstructions.

2.1. Change of wavelet basis

Compression based on the Haar transform preserves the overall
structure of the signal by boosting the lower frequencies to reduce
the chance of truncation, which is exactly what we want. However,
after the coefficients are truncated, we can fold all constants from
Equations 4 and 7 into the wavelet coefficients.

A wavelet transform/basis that is not orthogonal, but is still in-
vertible is referred to as a biorthogonal transform/basis. In partic-
ular, we propose the arithmetic mean wavelet transform, which is
similar to the Haar transform but is not orthogonal. The 2×2 arith-
metic mean transform and its inverse are

M2 =
1
2

[
1 1
1 −1

]
, M−1

2 =

[
1 1
1 −1

]
. (8)

A 2-component vector transformed by M2 has its arithmetic mean
in the first component and its mean difference in the second com-
ponent. Note also that the inverse transform does not have scaling
factors — it is just one addition and one subtraction. Therefore, the
hierarchical wavelet decomposition corresponding to M2 (either 1D
or 2D) has two advantages:

• Forward decomposition. The lowest frequency L is the arith-
metic mean of the signal and all intermediate low frequencies L,
l and so on are arithmetic means of the signal’s sub-quadrants.
This property is useful for implementing levels of detail of the
signal.

• Inverse decomposition. The sample reconstruction for the arith-
metic mean transform corresponding to Equations (4) and (7)
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will have only additions and subtractions resulting in simpler and
more efficient reconstructions.

For this reason, we change the basis of the 2D sparse wavelet
coefficients that are left after the truncation from the Haar basis to
the arithmetic mean basis. This is done by multiplying L by 2−n

and all subsequent bands Bk by 2k−n−1, see Equation (7).

2.2. Sorting the wavelet coefficients

An important question is how to organize and access the sparse
wavelet coefficients. There are different options, e.g., building a hi-
erarchical data structure and run queries or sorting the coefficients
by index and run binary searches. Given that our transforms are
relatively small (usually 32×32 or 64×64) and after compression
only a small fraction of all coefficients is kept, we decided to or-
der the wavelet coefficients in ascending frequency band order. For
a run-time signal reconstruction, we compute Equation 7 term by
term using a single and cache-friendly pass through the coefficients.

To this end, we experimented with two ordering schemes that
are illustrated in Figure 2: Onion order and Z-curve order. Both
are implemented in our paper source code and according to our
experiments they perform identically.
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(a) Onion order
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(b) Z-curve order

Figure 2: Two ordering schemes (gray lines) for the non-standard
2D wavelet transform guaranteeing that all coefficients come in as-
cending frequency bands (red dashed lines). Left: Onion order —
all coefficients come in consecutive layers. When i ≤ j the frequen-
cies have onion indices in the order horizontal-diagonal-vertical
(e.g., green indices 5-13-15), while for i > j the order is vertical-
horizontal-diagonal (e.g., blue indices 23-25-29). Right: Z-curve
order that always traverse all coefficients in horizontal-vertical-
diagonal order.

Currently, we use the Onion order in our V-Ray implementation
and also for all Chaos Cosmos library assets [Cha25] that support
the technique because this was our initial implementation. The only
reason for choosing to publish the paper using the Z-curve order
was to reduce the paper size — this order is widely known and used
throughout computer graphics [PJH23]. The Z-curve order is also
slightly more elegant to implement because the high frequencies in
each band always follow horizontal-vertical-diagonal order.

The idea behind the Onion order is to index a square array start-
ing from the top left corner and adding layers of subsequent indices,
hence the name. The onion index corresponding to the Cartesian

coordinates (i, j) of a coefficient is computed as:

o(i, j) =

{
i2 + j, i ≥ j
( j+1)2 − i−1, otherwise.

(9)

Note also that the high-frequency coefficients in each band are or-
dered differently for a requested sample below and above the main
diagonal, see Figure 2.

3. Level of detail

For luminaire fields represented on a box, LoD can be implemented
efficiently. The arithmetic mean transform provides a natural way
to reconstruct the average intensities of the signal. Starting from
the quad corresponding to the entire box side, each quad is subdi-
vided into four equal quadrants until the resolution of the signal is
reached.

In Equation (7), the first term is the average intensity of the com-
pressed signal. The sum of the first two terms is the average inten-
sity of the quadrant containing the reconstructed point si j and so
on. Essentially, adding higher frequencies is upscaling the signal.

We devise an evaluation strategy for the field that utilizes this
property of the transform. For shading points that are close to the
luminaire we reconstruct the full signal while for distant shading
points, we compute partial sums of Equation (7) that reconstruct
the signal’s quadrant averages. This strategy has two advantages:

• The field’s tiles are filtered identically to MIP maps.
• The field evaluation becomes more efficient with distance.

3.1. Choosing LoD

We select an appropriate level of detail based on the distance from
the shading point to the center of the side of the field’s box. For
each axis v ∈ {x,y,z}, we compute a maximum LoD distance dv,
beyond which we only return the average tile intensity (the first
coefficient in the mean average wavelet transform). This maximum
LoD distance is chosen so that the solid angle of the directional
bins σ is larger than the solid angle subtended at the shading point
by the side of the field’s box. When this condition is fulfilled, the
whole tile is seen roughly from a single bin, and we can return the
tile’s average intensity without further reconstruction.

We use a conservative estimate of dv which ensures the accurate
filtering of the field

dv =
max(wv,hv)√

σ
≥

√
wvhv

σ
, (10)

where wv and hv are the width and the height of the box sides along
axis v, and we have approximated the solid angle of the box side at
a distance dv with wvhv/d2

v . This formula is illustrated in Figure 3.
We have tried tighter estimates of dv which bring very slight perfor-
mance gains, but they result in over-filtering manifested as aliasing.

For a tile of size 2n × 2n and a shading point at distance d, we
reconstruct the full signal when d ≤ dv2−n and we linearly inter-
polate between bands k−1 and k when

dv2−k < d ≤ dv21−k, k = 1 . . .n. (11)

© 2025 The Author(s).



4 of 4 A. Atanasov & V. Koylazov / Wavelet Representation and Sampling of Complex Luminaires — Supplementary Material

𝑝

𝑣

0 1 2 3 (max)

𝑑𝑣

m
ax(𝑤

𝑣 ,ℎ
𝑣 )

max(𝑤𝑣 ,ℎ𝑣 )
𝑑𝑣

=
√
𝜎

Figure 3: We choose the maximum LoD distance dv for each axis
v so that the longer edge of the two sides along v subtends a planar
angle of size

√
σ at a point p centered above the side at a distance

dv. Then we subdivide the distance dv for all bands as follows: in
the first half of the distance (blue) we interpolate between bands 0
and 1, then in the first half of the remaining part (green) we inter-
polate between bands 1 and 2, and so on. Once the maximum band
is reached, we reconstruct the full field (red).

These interpolation intervals are illustrated in Figure 3. Finally, for
d > dv, we return 2−nL, the average tile intensity, see Equation (7).

3.2. Discussion

We observed that usually there is no visible difference when ren-
dering with and without LoD. In Figure 4, a small difference can
be noticed due to the strong directional illumination of the Mustang
headlights. The speed-up for this scene due to LoD is around 15%
while for common light fixtures with weaker illumination it is less
than that. In this figure, we also include a comparison with V-Ray’s
progressive caustics algorithm which is based on the technique by
Šik and Křivánek [ŠK19]. The LoD is implemented in the paper
source code and works correctly only when the field is represented
on a box. Such fields however, could lead to box artifacts close to
the box, see Figure 4. Therefore, in the paper we only showcase our
convex hull fields without LoD.
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